Inspired by recent studies of high-scale decay constant or flavorful QCD axions, we review and clarify their existence in effective string models with anomalous U (1) gauge groups. We find that such models, when coupled to charged scalars getting vacuum expectation values, always have one light axion, whose mass can only come from nonperturbative effects. If the main nonperturbative effect is from QCD, then it becomes a Peccei-Quinn axion candidate for solving the strong CP problem. We then study simple models with universal GreenSchwarz mechanism and only one charged scalar field: in the minimal gaugino condensation case the axion mass is tied to the supersymmetry breaking scale and cannot be light enough, but slightly refined models maintain a massless axion all the way down to the QCD scale. Both kinds of models can be extended to yield intermediate scale axion decay constants. Finally, we gauge flavorful axion models under an anomalous U (1) and discuss the axion couplings which arise.
Introduction and Conclusions
The Peccei-Quinn (PQ) symmetry [1] and its light axion [2] (for reviews, see [3] ) is probably the most elegant solution to the strong CP problem. Its implementation in string theory is natural since at tree-level in supergravity there are often continuous PQ like symmetries, usually broken to discrete subgroups by quantum corrections and nonperturbative effects. On the other hand, realistic string models often contain an "anomalous" abelian gauge symmetry, called U(1) X in what follows 1 , with anomaly cancellationà la Green-Schwarz (GS). Such a symmetry has multiple phenomenological applications: generating hierarchical fermion masses and mixing angles via the Froggatt-Nielsen mechanism [5] , relating the weak angle to anomaly coefficients [6] and breaking supersymmetry [7] .
In this note we comment on one additional generic property of models with an anomalous U(1): at the perturbative level, and if there is at least one charged scalar field which gets a vacuum expectation value (vev), such models always contain a potential axion candidate, which can only get a mass by turning on nonperturbative effects (and simultaneously turning on the coupling to gravity in supersymmetric models, where an R-symmetry survives even after inclusion of nonperturbative effects). We study the symmetries responsible for protecting the axion and the conditions under which the axion is light enough for solving the strong CP problem in a heterotic framework with a single charged scalar and hidden sector gaugino condensation, and we conclude that realistic supersymmetry breaking is incompatible with a light enough axion. However, we also give a refined example where nonperturbative dynamics still preserves a massless axion all the way to the QCD scale, even after coupling to gravity. Finally we show that in such a context and irrespective of the details of the model under consideration, gauge invariance fixes completely the couplings of the axion to matter when the charged scalar is used as a flavon field. The couplings to Standard Model (SM) charged fermions are proportional to their anomalous charges and the couplings to the gauge fields to the mixed U(1) X G 2 a anomalies, where G a = SU(3) c , SU(2) L , U(1) Y are the SM gauge group factors. Gauge coupling unification conditions alone then determine the ratio of the coupling to the photon to the coupling to the gluons to be E/N = 8/3 at the unification scale. These couplings are similar to the ones in the axiflavon/flaxion models [8] , but the symmetry is now gauged.
The generic value of the axion decay constant in these simple setups is of order the unification scale. Such values require a tuned or nonstandard cosmology in order to ensure a consistent relic density for the axion. We therefore discuss in the final section models of moduli stabilization which display an intermediate scale axion decay constant. However, aiming for such an intermediate scale decay constant may not be required since several (recent) studies have shown that the resulting cosmology is viable and does not necessarily involve a severe amount of tuning [9] . Moreover, new proposals for axion dark matter searches are sensitive to GUT scale values for the axion decay constant [10] .
2 Anomalous U (1) models 2.1 Perturbative axion in anomalous U (1) models In this section one will prove the following result:
Theorem. In field (string) theory models of a U(1) X gauge theory with a Stueckelberg (Green-Schwarz) mechanism and at least one charged scalar field acquiring a non-zero vacuum expectation value 2 , at the perturbative level there is always a massless pseudoscalar.
Proof. Let us consider an abelian gauge theory in a Stueckelberg phase, coupled to charged scalars Φ i of charges X i , of lagrangian
where · · · are other terms like axionic couplings, in which case it is more appropriate to use the term Green-Schwarz rather than Stueckelberg for such a model. Since we are interested in axion-like particles, without loosing generality we only consider in what follows charged scalars having non-vanishing vev's, parametrized as
Gauge transformations act as
From (1) one finds that the Goldstone boson which mixes in the usual way ∂ µ θ X A µ X with the gauge field is given by (up to a normalization factor)
We have therefore N + 1 potential axions/pseudoscalars, one of which is absorbed by the gauge field via the Higgs mechanism [11] . The perturbative scalar potential is of the form
and gauge invariance imposes the restriction X 1 m
Simple matrix algebra tells us that the maximal number of independent gauge invariant operators that can be written is equal to N − 1. On the other hand, a complete basis of such gauge invariant operators also defines the physical pseudoscalars/axions which can be expressed as a combination of the θ i 's, since their phases
are automatically orthogonal to the Goldstone boson (4) . It is convenient to represent the pseudoscalars above as vectors in a N + 1 dimensional space, such as for example, up to normalization
The scalar potential (5) then gives masses to at most N − 1 pseudoscalars. Consequently, there is always (at least) one leftover massless pseudoscalar, which will be a PQ axion candidate if it has the appropriate couplings. At the perturbative level, it is therefore always possible to define a PQ symmetry in models with an anomalous U(1) X gauge factor.
As one will see in the next sections, nonperturbative effects can generate gaugeinvariant potential terms of the form
where s 0 is the vev of a scalar and q β , c β are numbers. Whenever such terms are generated, the leftover massless axion will get a mass from effects other than the usual QCD ones. Such terms can be generated by field-theory nonperturbative effects, instantonic effects in string theory or quantum gravity effects more generally.
Anomalous U (1): the heterotic case
In perturbative heterotic string theory constructions, there is only one possible anomalous U(1) X and one field, the universal axion-dilaton S, transforming non-linearly under gauge transformations. Those act on the different superfields involved as
where X i , X S define the holomorphic Killing vectors. The modified Kahler potential for the universal axion-dilaton is
and it encodes the Fayet-Iliopoulos (FI) term which appears in the D-term
where in (11) G = K + ln |W | 2 and we used the gauge invariance of the superpotential X I ∂ I W = 0. We consider δ GS > 0 in what follows. In all known perturbative constructions there always exists in the massless spectrum a field with appropriate sign of the charge (negative in our conventions) whose vev is able to cancel perturbatively the (field-dependent) FI term and maintain supersymmetry. We consider the minimal case of one such field, called φ in what follows, and normalize its charge to −1, following [7] .
Anomaly cancellation conditions relate mixed anomalies
where the k i 's are the Kac-Moody levels defining the tree-level gauge kinetic functions
The last term in (12) is the FI term, proportional to the mixed U(1) X -gravitational anomaly, where T r(q X ) is the sum of U (1) X charges over all the charged fermions in the spectrum. Therefore, once the FI term is generated, all mixed anomalies have to be different from zero and the theory must contain charged matter.
A light axion: gaugino condensation and anomalous U (1) in heterotic theories
Gaugino condensation in heterotic theories in the presence of the (generic) anomalous U(1) gauge symmetry discussed in Section 2.2 has to fulfill the consistency requirements dictated by the coexistence of two local symmetries: supersymmetry and the gauge symmetry. However, although the pure Super-Yang-Mills gaugino condensation superpotential e −3S/2b 0 , where b 0 is the beta function of the hidden sector, is not gauge invariant, gauge invariance does not forbid gaugino condensation to take place, as was discussed in the heterotic string case some time ago in [7] . It was shown there that the GS cancellation of gauge anomalies restricts the nonperturbative dynamics such that the nonperturbative superpotential is precisely gauge invariant.
Taking for simplicity a SUSY-QCD model with N c colors and N f < N c flavors and denoting by Q (Q) the hidden sector quarks (antiquarks) of U(1) X charges q (q), the GS conditions fix completely the sum of the charges to be
where k h is the Kac-Moody level of the hidden sector gauge group. This turns out to be precisely the gauge invariance condition of the nonperturbative superpotential
Notice that anomaly cancellations (12) and the structure of the D-term (11) unambiguously show that the charge of the hidden sector mesons QQ has the same sign as the induced FI term. Notice also that the charges allow for a perturbative coupling of the form
Since φ gets a large vev of the order of the FI term, below the scale of U (1) X gauge symmetry breaking the perturbative term (16) becomes a mass term for the hidden sector quarks and the dynamics of condensation is essentially that of supersymmetric QCD.
The light axion
In supersymmetric QCD there is no light axion. The only global anomaly-free symmetry in the UV is an R-symmetry, which is broken explicitly by the mass term. In the model introduced in [7] and briefly reviewed above, the mass term is replaced by the coupling (16) . Then it is easy to check that the following global R-symmetry
is exact and anomaly-free with respect to SU(N c ) 5 . It is also spontaneously broken, therefore one expects a massless Goldstone boson. More generally, one can combine the R-symmetry above with the gauge symmetry. Indeed:
is a (non-anomalous) R-symmetry of the (non-perturbative) superpotential if:
where P is a number and P = 0 corresponds to the R-symmetry (17) . The model has three pseudoscalars, on which we now concentrate. In order to identify the massless axion, it is enough to parametrize the original fields by ignoring any other field than those pseudoscalars. By defining them in order to have canonical kinetic terms, we are led to the parametrization (20) where s 0 , V , and M 0 are vev's. One combination of those pseudoscalars
is absorbed by the U(1) X gauge field. Another one is shifted by the symmetry (18) (19) , which we choose such that it leaves a X invariant. In the limit where M 0 ≪ V, M P , the value of P which achieves this is
and the associated symmetry current gives us the expression of the physical axion a P Q :
where we identified the axion decay constant
Natural values are of order the unification scale f a ∼ M GU T , although smaller values are possible in orientifold models.
Simplified description
If the scale of hidden sector condensation is well below the scale of U(1) X gauge symmetry breaking, which we assumed in deriving expressions (22) (23) , there is an approximate decoupling between the hidden sector dynamics and the U(1) X dynamics. In particular, in this limit the SU(N c ) dynamics is essentially the one of supersymmetric QCD, which has no light particles, therefore no light composite axion. It should be therefore possible to describe accurately the light axion physics by integrating out the hidden sector. By doing this, one finds an effective superpotential
where the constant W 0 was added for the purpose of coupling to gravity later on. The effect of the hidden sector condensation is therefore of generating a non-perturbative superpotential, sometimes said to be of "fractional instanton" type, as compared to "stringy instanton" effects, which would be proportional to e −8π 2 S in our conventions. According to our general discussion in Section 2, the phase of the nonperturbative term in (25) defines a physical axion, which is orthogonal to the Goldstone boson a X precisely when the GS anomaly cancellation conditions (14) are imposed. One can write explicitly a X and the (for now) massless axion a P Q by introducing a rotation matrix a X = cos θ a S + sin θ a φ , a P Q = − sin θ a S + cos θ a φ ,
with tan θ = 2 √ 2s 0 V /(δ GS M P ). Notice that a P Q coincides with the leading order expression of the axionic current obtained in (23).
At the global supersymmetry level, the axion mass is protected by the R-symmetry (22) . However, after coupling to supergravity, the constant W 0 breaks explicitly the R-symmetry and as such the axion will get a scalar potential and therefore a mass [12] .
Without entering details of moduli stabilization, one expects a scalar potential of the form
where the axion decay constant is given in (24). By using the order of magnitude value for the gravitino mass m 3/2 ∼ W 0 and the definition of the IR dynamical scale
one finds that this axion can solve the strong CP problem if
This is a very strong constraint, which favors in this minimal model low values of the gravitino mass and of the dynamical scale Λ L . Using the fact that in the minimal model of [7] supersymmetry was broken, and
, one finds, without an additional source of supersymmetry breaking, the constraint m 3/2 ≪ 10 −14 eV, which is not realistic in known mediations of supersymmetry breaking. In this model therefore, an additional source of supersymmetry breaking is necessary, whereas for a gravitino mass corresponding to standard mechanisms for supersymmetry breaking, the axion is too heavy to solve the strong CP problem.
More refined analysis
Let us perform a slightly more general analysis, by keeping the hidden sector mesons in the discussion. The hidden mesons are described by chiral (super)fields of charge q +q and have a Kahler potential, computed along the flat directions of SU(N c ), equal to
The hidden mesons appear in the full superpotential
and add a pseudoscalar axionic degree of freedom a M , that is encoded in the parametrization (20) . Notice that solving for M in (31) gives back (25). Out of the original three pseudoscalars, one is the Goldstone boson absorbed by the gauge field (21) and the other two are physical, called a 1 and a 2 in what follows. They can be parametrized by the gauge invariant operators in (31) and, up to normalization, can be written as
Notice that they are both orthogonal to the Goldstone boson a X , as enforced by gauge invariance. They are not orthogonal to each other, fact to be taken into account in what follows. The hidden sector nonperturbative dynamics is giving a mass to the linear combination
whereas the orthogonal combination a l defined by (a h , a l ) = 0 is the massless (at the global supersymmetric level) axion. For general vev's its expression is relatively involved. However, in the limit we considered in the previous sections M 0 ≪ V, M P , one can easily find that
is precisely the light axion (23,26), obtained by integrating-out from the start the hidden sector mesons in the simplified description.
A massless axion: the 3-2 model
The main problem with the previous minimal model is that the hidden sector nonperturbative dynamics was giving a mass to the axion through supergravity interactions. Nonperturbative dynamics is however often instrumental for stabilizing moduli, in our case the very modulus involved in the GS mechanism. The natural next step is to identify models in which the hidden sector nonperturbative dynamics leaves an exactly massless axion, even after coupling to (super)gravity. One way to achieve this goes as follows: at the perturbative level, as we proved in Section 2.1, there is always a massless axion in models with anomalous U(1) X . Suppose now that the hidden sector producing the nonperturbative dynamics has an R-symmetry itself, in the limit in which the anomalous abelian gauge dynamics is turned off. Then if the condensation breaks spontaneously the R-symmetry, there is another R-axion coming from the hidden sector. In total there are therefore two axions in the limit where gravity is decoupled. By turning on gravity and adding a constant which breaks explicitly the R-symmetry, one (linear combination) of the two axions becomes massive. But the other one remains massless down to the QCD scale and behaves as an ideal candidate for a PQ QCD axion. Essentially the nonperturbative dynamics is not adding a potential for the axion, but is just stabilizing the GS modulus. One explicit model of this type uses for the hidden sector the 3-2 model of supersymmetry breaking [13] . The gauge group of the model is (2) is the hidden sector gauge group. The nonabelian factor SU (3) is confining with a dynamical scale Λ 3 . The matter content in the UV contains the chiral multiplets
in a self-explanatory notation (notice that the α index ofQ is not gauged under SU (2) and only represents a convenient repackaging). The model has two anomaly-free global symmetries, one acting like hypercharge and an R-symmetry:
Below the scale of SU (3) condensation, the dynamics is governed by the gauge invariant operators
The low-energy superpotential, compatible with the symmetries and the condensation dynamics, is given by
The analysis of the potential, including the D-term contributions, shows that X 1 and X 3 are non-vanishing whereas X 2 vanishes. There are then two pseudoscalars in the hidden sector, the potential axions in the phases of X 1 and X 3 . One linear combination of them will get a mass from the nonperturbative dynamics, and the second one gets a mass from couplings to (super)gravity, as in the model described in the preceding section.
If we now couple this model to an anomalous U(1) X , we would get an additional pseudoscalar from the high-energy anomalous U(1) X sector. There is therefore one leftover axion which is massless all the way down to the QCD scale, being a good candidate for a PQ axion. To restrict the superpotential, one could use the anomalous gauge symmetry instead of imposing the hypercharge global symmetry as above. We can for instance give the following charges to the multiplets (where n is some number):
where, as in the model discussed previously, the condensation scale
is not-gauge invariant anymore due to the U(1) X SU(3) 2 anomaly:
while the nonperturbative superpotential is:
The first term in (41) is a perturbatively generated operator if we assume that n is a multiple of 3 2 . If Λ 3 ≪ V , analogously to the model in the previous section this axion is essentially a combination of a S and a φ . The axion decay constant will be determined as before and is therefore naturally of the order of the unification scale.
Gauged flavor symmetry and axion couplings to matter
We now identify the U(1) X discussed in the preceding sections with a flavor symmetry [8, 14] , since those are naturally anomalous due to the structure of fermion masses and lead to the GS mechanism [15] . Doing this, we will see that we generate axionic couplings for the light physical axion of the theory. Since the explicit examples discussed so far were supersymmetric, we focus on the Minimal Supersymmetric Standard Model (MSSM) in what follows.
We then charge the different MSSM superfields such that the Yukawa terms, as well as the µ-term, now explicitly involve φ:
A clever choice of U(1) X charges for the MSSM fields then allows to account for, or at least soften, the mass hierarchies and the µ−problem of the MSSM. We note that the U(1) X charge of φ makes it possible to choose most, if all, of the MSSM charges to be positive, consistently with the GS conditions (12) . Starting from this superpotential, one can work out the couplings of the physical axion to the MSSM fields. Triangle loop diagrams combined with the GS term give for instance the coupling of the axion to QCD gauge fields:
where a P Q is given by the expression in (23) 6 , its decay constant f a in (24) and C 3 is the SU(3) gauge anomaly coefficient which appears in (12) . Note that the domain wall number N DW = i (2X q i + X u i + X d i ) can be chosen equal to 1 with a consistent choice of charges for the Higgs doublets. This expression can be understood as a modification of the QCD kinetic function (13) when the quarks are integrated out:
which displays clearly the two canceling contributions to the U(1) X SU (3) 2 anomaly. Similar expressions hold for the other factors of the MSSM gauge groups.
We can deduce from this an interesting prediction of such models if we embed them in unified theories. Indeed, in such a case the anomaly coefficients are linked at the unification scale. For instance, for SU(5) unification, the MSSM gauge couplings verify g 
. All this can be combined to get C 3 = C 2 = 3 5 C 1 . Thus, the ratios of the couplings of the axion to the MSSM gauge fields are determined: for instance we get that the ratio (at the GUT scale) between the electromagnetic coupling and the gluons coupling is
We stress that (45) is valid not only in flavor models of the type (42), but in any anomalous U(1) model in which SU(5) unification of gauge couplings is imposed. Indeed, (45) is enforced uniquely by unification and the kinetic function (44), determined by gauge invariance.
There are also couplings of the axion to the spin of fermions arising from (42):
Their strength is given by the U(1) X charges of the MSSM fields, so the lighter generations are more coupled than the heavier ones. Besides, once expressed in terms of mass eigenstates, those couplings can be off-diagonal in flavor space, leading to possible flavor-changing currents [16] . However, if the axion dynamics lies at the string/GUT scale, all those effects are very much suppressed and evade current constraints. Still, since the couplings to the first generation of the MSSM are not specifically suppressed, recently proposed experiments [10] could have the sensitivity to probe such string scale decay constants in the near future.
6 Comments on moduli stabilization and intermediate scale decay constants
Moduli stabilization and axions in string models with anomalous U(1) were studied in various papers [17] and the issue of axion mass and decay constant in string theory in various works, see e.g. [18, 19] .
In the context of models of the type discussed in our note, the value of the gravitino mass is highly correlated to the stabilization of the moduli. One should distinguish the case where the coupling to supergravity lifts the axion mass, like in the model in Section 3, from the case where it does not, like in Section 4. In the first case, there is a strong correlation between the values of the gravitino mass and the axion mass such that keeping the axion light requires very small values of the gravitino mass. It was shown that in minimal models the requirement of "uplifting" the vacuum energy to zero is only compatible with large values of the gravitino mass [20] . In more sophisticated models with several charged scalars the gravitino mass can be reduced to the TeV range [21] , but still far from the small values needed to keep the axion light enough. In other stabilization schemes, it is still possible to keep the axion light enough with more realistic values of the gravitino mass, see e.g. [19] . On the other hand, for models in which coupling to supergravity does not lift the axion mass, like in our Section 4, the scale of supersymmetry breaking is completely decorrelated from the axion mass, which then only gets a mass from QCD nonperturbative effects.
The moduli stabilization in Sections 3 and 4 was also enforcing a high-scale axion decay constant due to the U(1) X D-term expression (11) . This can be relaxed in models where the moduli sector is slightly more complex. For example, let us consider a model of two moduli and a charged superfield:
on which the anomalous U(1) X symmetry acts as follows:
The
2 now allows for a high scale stabilization of the moduli with a small or intermediate scale φ. To illustrate this, we furthermore assume that there are two hidden strong sectors 1 and 2, with gauge kinetic functions given by:
, where n i = πδ i are integers ,
such that the group 1 is anomalous with respect to U(1) X whereas f 2 is gauge invariant. Strong dynamics can then generate couplings of the type:
In order to compute the vacuum of the theory, we assume that the uplift of the vacuum energy does not depend on the axions (e.g.à la KKLT [22] ). Thus, as far as the axions are concerned we look at first order for the supersymmetric vacuum:
and we solve this set of equations given the value of m 3/2 = |W |e K/2 M 2 P and assuming that W ≈ W 0 and |φ| 2 ≪ T −1
1,2 , which we eventually check to be valid:
. (52) If we choose for instance m 3/2 = 10 GeV, n 1 = 3 and n 2 = 1, we numerically get T 1 + T 1 = 3(T 2 + T 2 ) ≈ 6M P and |φ| ≈ 10 11 GeV, which implies an intermediate scale for the physical axion. However, in this setup the axion mass is tied to the supersymmetry breaking scale and cannot be light enough to provide a proper QCD axion. To cope with this, one can for instance implement the configuration (47) within the 3-2 model of Section 4. This amounts to consider the following superpotential (where all fields are those defined either above or in Section 4):
X 3 + Be −2πk 2 (n 2 T 1 +n 1 T 2 ) , with Λ 3 = e −2πk 1 T 1 7
.
7 Those nonperturbative effects have periodicity T i = T i + 1 and are called stringy instanton effects. The other option is to use fractional instanton effects, like in Section 3, which would be, with the present section notations, of the type e −2πTi/N where N ∈ N. 8 Those three equations can be combined to check that the D-term potential vanishes.
There is as expected a massless axion in the low-energy limit, and its associated decay constant can be of intermediate scale: for instance, choosing n 1 = n 2 = 1, n = 6, k 1 = 17, k 2 = 4 and φ ≈ 10 12 GeV, one finds X 1/3 1 ≈ 10 12 GeV and a gravitino mass of ≈ 10 −4 eV (consistent with gauge mediation of supersymmetry breaking).
